is said to have the H™-extension property if for every / e H°°(V), the space of bounded holomorphic functions on F, there is Fe H°°(U N ) such that FI V = f. A related property which V may possess is that of being defined as a set by bounded functions in the sense that V = {g e U N : fd) = 0 for all / e H~(U N ) which vanish on V) .
We will begin with an example of a remarkably well behaved variety V c U N which fails to have the if°°-extension property, and after this we give an example of a one dimensional disc D embedded as a submanifold of U N which not only fails to be defined as a set by bounded functions but is, in fact, a determining set for H°° (U N ) in that if /Giϊ oo (i7 JV ) vanishes on D, then / is the zero function. Positive results obtained include a geometric condition for a U k embedded in a U N to be defined as a set by bounded functions and a result to the effect that if a variety V has the if°°-extension property and if it satisfies another, possibly redundant, condition, then V is defined as a set by bounded functions.
The general problem of determining which subvarieties of U N possess the iJ°°-extension property seems to be difficult, but some results in this direction are contained in the papers [1] and [9] . We begin with an example of a disc contained in U 2 which does not have the i?"-extension property. 
, then for all choices of e > 0, the mapping Φ carries C*\{1, -1} biholomorphically onto a closed, algebraic submanifold M of C 2 , and if ε is small enough, then 
If we apply (2) to the function h v given for fixed η e U by /^(ζ) = JP()7, ζ), then for 77 = (1 -(iy) 2 )-1 , z = ε/(l -i#), 11; = e/(l + iy), we are led to
However, (1) implies that
This contradiction shows that the disc Φ(Δ) does not have the ff°°-extension property.
The present example is not the first known instance of this phenomenon; another, more involved example was given in [9, Example II. 7] . It can be show, at least for certain choices of the Blaschke product involved, that example has the additional property of being a determining set for H^iU 2 ). The variety Φ(A) of the present example is not nearly so pathological, for it is the intersection of U 2 with the zero set of a certain polynomial in two variables. Alexander [1] has also given an example of a variety in U 2 which lacks the £Γ°°-extension property. His example is the intersection of U 2 with a certain algebraic curve, but it is not irreducible. In [8] Rudin has also given an example.
In connection with Example 1, it is interesting to consider the composition φoψ where ψ is a conf ormal homeomorphism from the unit disc to Δ such that ψ(0) = 00. If we let φ t (ζ) = (1 -ζ 2 )-1 , then φ x oψ is a two-to-one map from the disc onto itself, and it can be verified without difficulty that φ 1 o ψ(z) = az 2 for some a of modulus one. Also, if φ 2 (ζ) = ε(l -ζ)-1 , then φ 2 oψ is one-to-one from the disc into itself, and it is not hard to see that if z 0 and z x are the two points in the unit circle carried onto 0 by φ, then φ z°ψ continues across the two arcs of the unit circle determined by z 0 and z γ . These two points are certain algebraic singularities of the function φ 2 o ψ. These remarks should be compared with the extension theorems for bounded holomorphic functions proved in [9] and [10] ; they show that those extension theorems are essentially the best of their kind. EXAMPLE 2. In this example we will construct in U N , N ^ 2, a disc which is a determining set for H~(U N ). Let Ω = Ϊ7\ [O,1) , and let h: U-+Ω be a conformal homeomorphism which takes 1 to 1, i to 0 and which has the property that Imh(Q j 0 as ζ-*e iθ if 0e(O, ττ/2). The function h admits a unique extension to a continuous function from U to U.
Let r k = 1 -kr 1 , and let s λ > 0 be very small so that {r k + is k } does not satisfy the Blaschke condition, i.e., this sequence is not the zero set of a function bounded and holomorphic in U. If {s k } is chosen properly and if a k = h"
x {r h + is k ), the sequence {a k } will satisfy the Blaschke condition. Let B be the Blaschke product with {a k } as its zero set, and define Φ by Φ(ζ) = (h(ζ), B(ζ)). The sequence {a k } converges to the point 1, so it follows that at every point of 3 £7, either | J51 or I h I assumes continuously the value 1. Since h! is zero-free and h is one-to-one, it follows that A -Φ(U) is an analytic submanifold of U 2 . We will prove that if F e H°°(U 2 ) and Fo Φ = 0, then F is the zero function, i.e., that A is a determining set for H~ (U 2 ). If FeH~{U 2 ) vanishes on Φ(U), then F(r k + ίs fc , 0) = 0 for all k, so since {r k + is k } does not satisfy the Blaschke condition, F must vanish identically on the disc D -{(z, 0):\z\ < 1}. If F does not vanish identically, there is a factorization F(z, w) = w p G(z, w) where p is a positive integer and G a bounded holomorphic function which does not vanish identically on D. As F vanishes on Φ(U), G must also. This implies, as we have just seen, that G(r k + is k , 0) = 0 whence G vanishes on the disc D, contrary to hypothesis.
Thus we have a disc in U 2 which is a determining set for H°° (U 2 ). It is quite simple, using the existence of this disc, to find a disc in U N ,N^2, which is a determining set for H°°(U N ). We proceed inductively. Suppose that A c U k is a disc which is a determining set for H~(U k ). Then U k+1 = U k x U^A x U. The set A x U is biholomorphically equivalent to U 2 so there is a one dimensional disc Δ r which is a determining set for A x U. Suppose that F e H°°( U k+1 ) vanishes on A'. If we take on U k+1 the coordinates (3, ζ), 5 6 U k , ζ e U, then since A' is a determining set for A x U, it follows that for each ζ G U, F( , ζ) vanishes identically. As this holds for every ζ e U, F must be the zero function.
Our next example is a direct consequence of the construction given in Example 2. N and yet which are not defined, as sets, by bounded functions. To optain such an example, let Δ be an irreducible variety, e.g., a disc, which is a determing set for H°° (U 2 ) . The set Δ x {0} c U 2 x U N~2 = U N is an example of a variety of the desired kind.
This example is of interest because it contracts markedly with a theorem of Rudin [7] according to which if V c U N is a variety of codimension 1 which is at positive distance from T
N , then not only is V defined as a set by a single bounded function, but, in addition, there is an F e H°°( U N ) with the property that every function holomorphic in U N and vanishing on V admits a factorization G = FH, H holomorphic in U
N . 1 Our next result gives a sufficient condition for a disc or polydisc contained in U N to be defined, as a set, by bounded holomorphic functions. Proof. Consider first the case that k = 1. Let
The set Φ~ι{K) is compact, and by the maximum modulus theorem no component of the set Σ = U\Φ~ι{K) can be bounded away from dU, so Σ is connected. If ζ e Σ, then for some j, | ^(ζ) | > 1 -δ. Let We finish with a result which partially-only partially-answers an obvious question: If the variety V c U N has the ίZ"°°-extension property, does it necessarily follow that V is defined as a set by bounded holomorphic functions? It seems probable that this question has an affirmative answer without qualification on the variety V, but we are able to prove a result in this direction only by making an additional assumption. THEOREM 
If Vcz U N is a variety with the Ή.™-extension property and if V is open in the spectrum of H~(V), then V is defined us a set by bounded holomorphie functions.
We understand by the spectrum of a commutative Banach algebra A the space consisting of the nonzero complex homomorphisms of A taken with the weak* topology. We denote the spectrum of A by Σ(A). (H°°(R) ). Since R is contained in a compact surface and H^iR) contains a nonconstant function, it follows easily from the Riemann-Roch theorem that H°°(R) separates points on R. (In the case that R γ is of genus zero, this sort of result is in papers of Rudin [6] and Wermer [11] ; the case of general, finite, genus follows in an analogous way.) Let ζ 0 e R. By the Riemann-Roch theorem there exists a function h meromorphic on the ambient surface R x which has only one pole, that at ζ 0 and of assigned order p if p is large enough. Thus, for a suitable function h, e H°°(R), the function H = hh t will have at ζ 0 a simple pole, it will be holomorphic on i?\{ζ 0 }, and it will be bounded off a neighborhood of ζ 0 . Define an operator T: H°°(R) -> H°*(R) by
Proof. We define an ideal

T(f) = (/ -f(Q)H .
The properties of the function H show that T is a bounded linear operator on H°°{R) and that
T(fg) = gT(f) + f(ζ Q )T(g) .
Thus in the terminology of Banaschewki [3] , T is a bounded derivation of type (I, ζ 0 ). By Proposition 1 of [3] , a result previously obtained by Bishop [2] , there is a homeomorphism Φ from the open unit disc U onto an open set in Σ(H°°(R)) such that Φ(0) = ζ 0 and such that if / G i?°°(i2), then foφ is holomorphic on U. Since there is a disc in R through ζ 0 , it follows from the openness of Φ(U) in Σ(H°°(R)) that some neighborhood of ζ 0 in R is at the same time a neighborhood of ζ 0 in Σ(H~(R)). It follows that R is open in Σ(H°°(R)) as was to be proved.
We are indebted to the referee whose suggestions have led to material simplifications of several points in the paper.
